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Solution of the Incompressible Laminar Boundary-Layer
Equations

A. M. 0. SMITH* AND DARWIN W. CLUTTER!
Douglas Aircraft Company, Inc., Long Beach, Calif.

A general method is presented for calculation of the incompressible steady laminar boundary
layer around either a two-dimensional or an axially symmetric body. The method is a modi-
fication of the Hartree-Womersley method. It consists of replacing the partial derivatives
with respect to the flow direction by finite differences, while retaining the derivatives in a
direction normal to the boundary, so that the partial differential equation becomes approxi-
mated by an ordinary differential equation. Reasons for choosing this method rather than
the more conventional finite-difference methods are discussed. The method has been pro-
gramed for an electronic computer, and solutions for a variety of flows are presented. Com-
parisons are made with other exact and approximate methods of solution. They include cases
of flow separation, mass transfer, and discontinuities in the boundary conditions. A study
of the response of the boundary layer to local boundary conditions is presented. Some com-
parison with experimental measurement is made also. The large number of calculations
and comparisons establish that the method is rapid, accurate, and powerful. It appears ca-
pable of solving any flow problem for which the boundary-layer equations themselves remain
valid. The only exception is a flow with a discontinuity in a boundary condition, where the
method cannot produce an answer immediately downstream of the discontinuity but does
appear to be precise a short distance farther downstream.

Nomenclature
/ = nondimensional stream function, defined by Eq. (5)
H = boundary-layer shape parameter, d*/Q
m = exponent in freestream velocity variation for similar

flow, U = cxm

M = (x/U)(dU/dx)
n = count of the number of steps in the #-wise direction
r = radius of body of revolution
R = (x/r)(dr/dx)
u = x component of velocity in the boundary layer, u/U =

/'
U = velocity of the main stream at edge of boundary layer
v = y component of velocity
x = distance along surface measured from the stagnation

point
y = distance perpendicular to the wall
6* = displacement thickness
A* = dimensionless displacement thickness, Eq. (11)
77 = transformed y coordinate in the boundary layer, Eq.

(5)
0 = momentum thickness
9 = dimensionless momentum thickness, Eq. (13)
fj, = dynamic viscosity
v — kinematic viscosity
p = density
r = shear stress at wall
if/ = stream function, Eqs. (1) and (2)

Subscripts
n — evaluated at station n
w = evaluated at wall
oo = evaluated at undisturbed freestream, or a reference

value
0 = reference value
sep = evaluated at separation
primes = differentiation with respect to 77; (bf/diy) = /', etc.
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Introduction

THERE are many problems of boundary-layer flow for
which no satisfactory solutions have been found. Among

them are questions of high-speed heat transfer, location of
transition, and the effects of wall heat transfer and wall mass
transfer on drag and separation. Development of a method
to handle such problems is the ultimate objective of the work
reported here. When it was started, the available methods
for solving the boundary-layer equations appeared inadequate.
Integral methods can treat general flows, but they give only
approximate solutions. Similar flow methods are accurate
but are restricted to special pressure distributions. Avail-
able finite-difference methods appeared to require long com-
puting times for accuracy. Therefore, studies were made to
develop a practical method for solving "exactly" the com-
plete equations of compressible boundary-layer flow in two
dimensions. The objective was to find a method capable
of obtaining solutions for arbitrary values of 1) pressure dis-
tribution, 2) wall suction distribution, 3) gas properties,
and 4) wall temperature distribution. The only restriction
on the body is that it be two-dimensional or axially sym-
metric.

It appeared wise to approach the compressible problem by
attacking the simpler incompressible flow first. Because no
practical or well-developed method for solving even the in-
compressible equation exists, such a method has great im-
portance for its own sake. A second purpose of the investi-
gation was to learn as much as possible about the nature of
the solutions, the effect of boundary conditions on the solu-
tion, and the relation of these solutions to true physical flows.
The mathematics of the method of solution have been re-
ported in Ref. 1; the application of the method to physical
flows is reported in Ref. 2. This paper is a condensation of
the latter. Since these studies were completed, the method
has been applied to the compressible boundary layer, and
preliminary studies indicate that the method is quite success-
ful. However, this subject is to be left for a later report.

Boundary-Layer Equations

The equations to be solved cover the case of axisymmetric,
steady flow about a body of revolution. The simpler prob-
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Fig. 1 Coordinate system. Boundary layer on a body of
revolution.

iem of two-dimensional flow is included in the equations and
is found merely by letting r, the body radius, be a constant.
The basic notation and scheme of coordinates is shown in
Fig. 1. The basic forms of Prandtl's boundary-layer equa-
tions for the case of steady axisymmetric flow can be obtained
from any standard treatise, for example, Ref. 3. The con-
tinuity and momentum equations can be combined into a
single third-order equation in terms of the stream function \l/
by means of the relations

=
r dy dy

ox dx r dx

(1)

(2)

The resulting equation is

dy dxdy \dx r dx/ dy2

with the boundary conditions
dx oy3

y = 0: = 0, = -rvw

U(x)
(4)

As it stands, Eq. (3) probably could be solved by the
method to be described, but there are a number of difficulties.
For instance, getting started is a problem because there is a
singularity at x — 0, U is a variable quantity, and the
boundary-layer thickness varies greatly with distance. A
far more convenient form is obtained when Eq. (3) undergoes
a transformation first introduced by Falkner and Skan.4
Two new variables are introduced, a dimensionless height rj
and a dimensionless stream function/:

17 = (U/vxY'*y (5)
If relations (5) are introduced into Eq. (3), and if df/drj is
represented by/', etc., the following equation is obtained:

x\f'^.^f^L\ (6)

The term M = (x/U)(dU/dx) is a pressure gradient param-
eter, R = (x/r)(dr/dx) is a similar measure of body radius,
and/' turns out to be the velocity ratio u/U. The boundary
conditions are

i? = 0: jV = 0 (7a)

r(x) (7b)

where £ is a variable of integration. For an impermeable
wall, fw = 0. The third boundary condition is

f) -* °°: /' -> 1 (7c)

A few of the more important properties of Eq. (6) are
noted. If the edge velocity distribution is of the form U =
c XM, (x/U)(dU/dx) reduces to M, the value of the exponent.
Likewise if r = k XR, (x/r)(dr/dx) = R. When R = 0, and
M is a constant, it can be shown that the bracketed expression
containing the partial derivatives with respect to x equals
zero and that the following ordinary differential equation in
77 is obtained (Ref. 4, pp. 178,179):

/'" = _ [(M + l)/2].f ' + - 1) (8)
The well-known families of "similar" solutions come from
this equation.

Equation (6) has several advantages over other possible
forms. Other methods usually have a singularity at x = 0
and require that an initial profile be specified, usually at
some distance from the leading edge. Equation (6) has
very good behavior at the origin. Here, provided that the
derivatives of / are finite, the term in brackets which contains
the a; derivatives disappears and the equation reduces to that
for a similar flow. Equation (6) is of such a form that the
term in brackets is exhibited as a correction to the similar
flow solution. The outer boundary condition is somewhat
simpler, being always /X00) = 1, whereas in x}y coordinates,

Method of Solution

The fundamental idea for the solution, that of replacing the
x derivatives by finite differences, in order to approximate
the partial differential equation by an ordinary differential
equation, was advanced by Hartree and Womersley.5 The
idea was applied to the incompressible boundary layer by
Hartree,6' 7 Manohar,8 and by the authors.1' 2- 9 The x
derivatives are only of first order in the equations being solved.

The authors1 made an extensive study of the use of two-
point, three-point, and four-point finite differences to repre-
sent the x derivatives in solving the same boundary-layer
equations. The investigation showed that the three-point
and four-point forms are both accurate and stable. The
three-point form is used in the solutions presented here.

The basic scheme of the finite-difference representation is
diagramed in Fig. 2. The two parameters R and M in the
equation and the wall boundary condition /«, are arbitrary
functions of #. As sketched, /«, may have a discontinuity in
derivative whereas both M and R may have discontinuities
in values. The space is divided into a number of regions
bounded by lines xn,xn-i,xn-2, etc. The spacing Az need
not be constant. Because the equation is parabolic in x, the
problem must be solved by proceeding in the direction of
positive x. It is assumed that the solution has been found
at all previous stations up to and including xn~i, which, of
course, means that f(rf) and its derivatives are fully known

Fig. 2 Coordinate and notation system.
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at these stations. The problem is to find the solution /(?;) at
the new station xn.

The two x derivatives in Eq. (6) are replaced by finite-
difference Lagrangian formulas for three points as follows.
Here, let m indicate the order of the derivative :

Xn ~ »»-2

—— Xn ~ Xn~l ———— If 9- s.-2)(*.-i - zn-2)_r2 (9)l ;

which has an error like

When these substitutions for the derivatives are made, it is
assumed that all the other quantities in the boundary-layer
equations are evaluated at xn. The equation is then an
ordinary differential equation in 77 with the variable quanti-
ties / and /' at the n — I and n — 2 stations. Step length
Ax is not a primary parameter; instead, x/Ax is. For fur-
ther discussion of the errors associated with the finite-
difference representation, see Ref. 1.

Method of Calculation

The solution of Eq. (6) is made difficult by both the non-
linearity and the fact that one boundary condition is at 77 =
oo . The existence of a solution and procedure for finding it
are discussed in detail in Ref. 1. Briefly, the method of solu-
tion involves choosing values of /„" and integrating the equa-
tion directly, requiring that the value of /' remain within
certain bounds. Once three such integrations have been
completed all the way to some value called rjm, which is an
input in the program, a three-point interpolation procedure is
used to determine the solutions that satisfy the outer bound-
ary condition, i.e., /' -* 1 as 77 ->- rjm. Integration was per-
formed by a predictor-corrector type method that uses the
Falkner multiple integration-extrapolation formulas and the
Adams-type multiple integration-interpolation formulas.10

Reasons for Selection of Hartree-Womersley
Method

The purpose of the present report is to describe a method
of solving the boundary-layer equations and to prove its use
by applying it to several incompressible flows. The pur-
pose is not to present a treatise on existing and possible meth-
ods of solving the problem. Nevertheless, some answer
should be given to the obvious question as to why the present
method was chosen in preference to other ways of solving
the equations.

The choice has two essential aspects. The first is the ques-
tion of the form of the boundary-layer equation to solve.
The second is the question of method to be used in solving
the chosen equation. Consider the first aspect, the equa-
tion. Reasons for transforming the boundary-layer equation
to x,rj coordinates, and the resulting advantages were just
discussed briefly. Perhaps the most useful of the advantages
is the behavior of the equation at x = 0 ; no singularity occurs
here as in other transformations, the boundary-layer thickness
remains finite, and the x derivatives disappear, thus making
the start of the solution extremely simple. Also the trans-
formation removes most of the variation of boundary-layer
thickness with x.

Various other transformations have been introduced by
previous investigators to simplify the solution of the bound-
ary-layer equations. For example, both Crocco's and Von
Mises' transformations reduce Eq. (3) to a second-order

equation. But, since one of the objectives of the present
work was to develop a method of calculation which could be
extended to compressible flow, the behavior of the trans-
formations also had to be examined at high speeds. Each
of the various transformations has difficulties. For example,
that of Crocco uses the shear stress as one of the dependent
variables, which can become double-valued in compressible
flow. Von Mises7 transformation leads to a singularity at
the wall.

After examination of various methods for calculation of
the boundary-layer equations, a modified Hartree-Womersley
technique was chosen for the following reasons. The re-
quirement that the method solve accurately any problem for
which the boundary-layer equations are valid seems to call
for a finite-difference technique, which is exact in the limit.
In the finite-difference technique two procedures exist, the
explicit and the implicit.

The explicit procedure has been applied to the boundary-
layer problem by several investigators, for example, Baxter
and Flugge-Lotz,11 Raetz,12 and Wu.13 Explicit methods
are inherently unstable. In order to obtain stable, accurate
solutions, restrictions on the step sizes are necessary. In all
of the preceding references, these restrictions appear to lead
to excessive computation times for high accuracy.

Implicit finite-difference methods have no stability prob-
lem. When the present work was started, the only applica-
tion of this method to the boundary-layer problem, known
to the authors, was that of Kramer and Lieber stein.14 They
had used the Crocco form of the boundary-layer equation,
whose disadvantages were just discussed. The method has
more recently been applied by Fliigge-Lotz and Blottner15

to the compressible boundary layer. Their method appears
to be both accurate and rapid. Conceptually, the Hartree-
Womersley method is different from the classical implicit
finite-difference procedures because it divides the region of
the boundary layer into vertical strips, whereas the latter
divides it into rectangles. However, since the resulting
ordinary differential equation must be solved numerically,
it can be said equally well that the Hartree-Womersley
method is an ordinary implicit finite-difference method, set
off by the fact that it has a special, unique method of finding
the unknown at the next downstream station.

In addition to being inherently stable, the method chosen
has the added advantage of reducing the equation to an
ordinary differential equation. Questions of the existence
of solution, of the nature of the solution, and of error propaga-
tion are much better understood for ordinary differential
equations than they are for the complex of numbers arising
from the more conventional finite-difference representation.
A final reason for the choice of the Hartree-Womersley
method is that it is known to produce results, has been
moderately well explored, and produces answers of high
accuracy.

Displacement and Momentum Thicknesses
and Skin Friction

The conventional boundary-layer thicknesses are given
by the well-known formulas; for displacement thickness,

or, in nondimensional form,

For momentum thickness,
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or, in nondimensional form,

6 112

(13)

The local skin friction, defined as the ratio of local shear
stress at the wall to the local dynamic pressure outside the
boundary layer, is given by

_ r __ p.(du/dy),c' - 2 -
v

ux
\1

(14)

Accuracy of the Method of Solution

A large number of flows have been calculated in order to
establish the accuracy of the method of solution.1'2 Ac-
curacy primarily depends on two aspects of the method, in-
tegration in the 17 direction and the step size in the x direction.

Accuracy of Integration in the v\ Direction

Since the most exact solutions to the boundary-layer equa-
tions are for similar flows, such flows were first used to check
the accuracy of the present method in solving the equation
in the 77 direction. (Solutions for such flows accurate to five
and six decimal places are published.16) It should be noted
that checking the method of solution for similar flows does
not necessarily prove it for nonsimilar flow. In studying the
literature, the authors found that often a method developed
for calculating the general boundary-layer equation is tested
by calculating a similar flow; and, then, because these simple
calculations work, the investigator claims the method is
proved. From the authors' investigation of several methods
of calculation, they have found that methods that produce
accurate solutions for similar flows may fail to give answers
for nonsimilar flows.1 But, similar flows do provide an
accurate check on that portion of the present method that
involves solution of the equation in the rj direction.

The present method duplicated the known similar solu-
tions to any specified accuracy, including the separation pro-
file and flows with mass transfer.2 This investigation of
similar flow showed that the maximum error in all calculated
values of/, /', etc., is in the value of fw". For this reason and
because it is a measure of the skin friction, fv" is the principal
parameter used to present and compare solutions that follow.

Effect of Step Size in x on Solution Accuracy

Since exact solutions for nonsimilar flows are practically
nonexistent, *;he accuracy of the present method for such
flows was investigated by studying convergence of the solu-
tions as Ax was varied. In Eq. (6) the x derivatives of /
and /' appear only in the last term :

In the finite-difference scheme, this term is essentially re-
placed by a term of the form

(x/Ax)[f'Af - f ' A f ]

Now as Ax approaches zero, A/' and A/ would approach zero
in an exact solution, but in the computer program round-off
errors exist and, furthermore, these errors are multiplied
by the quantity x/ Ax. Therefore as Ax approaches zero,
the error in the solution is not necessarily decreased.

The effect of variation of Ax on the solution was studied
for a variety of flows which were selected to include high
rates of change in the pressure-gradient parameter M, both
adverse and favorable gradients, suction and blowing at the
surface, and discontinuities in the boundary conditions of
M and vw. Of course, it would be physically impossible to
have discontinuities in the boundary conditions, and further-
more the assumptions that reduce the Navier-Stokes equa-

a) Pressure gradient parameter M and velocity ratio L/U&

A*
Q 0.80
O 0.40

0{ 0.20 0.10
v 1 0.05 0.025

0.4 0.6
•X

b) Variation of /«," with various size steps in x

EVALUATED AT
X=0.9

X
A X

c) Effect of step size in x on/«," at x = 0.9

Fig. 3 Effect of step size in x on solution for a flow with
gradual decrease in M following a short length of stagna-
tion-type flow. M = 1.0, x ^ 0.1; M = 1.1 - x, x ^ 0.1.

tions to the boundary-layer equations are not valid with such
discontinuities. The purpose of studying such extreme condi-
tions was to determine further what step sizes in Ax were re-
quired for convergence. A criterion of convergence estab-
lished for these cases should be conservative for ordinary
physical flows. Results of one of the cases studied are pre-
sented in Fig. 3. The effect of Ax on the convergence of
solution that is shown is typical of all cases studied. Calcu-
lated values of fw" vs x are shown for various step lengths,
and values of jw" at a given x station as calculated for various
Ax's are shown. At first, as Ax is decreased, the values of
fw" appear to converge, but, if x/ Ax becomes too large, the
values diverge. As was anticipated in the previous para-
graph, the divergence is brought about because the quantity
x/ Ax multiplies the round-off errors. In the cases studied,
divergence did not occur for values of x/ Ax less than about
25. The maximum error that has been observed when
divergence occurs is one in the fifth significant digit for x/ Ax
~ 25. When x/ Ax becomes very large, the values of /, /',
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Table 1 Calculated values offw" for Howarth's retarded
flow, U = 1 - J*

x Present method fw" Hartree's solution

0
0.2
0.4
0.8
0.88
0.92
0.948
0.956
0.958
0.9589
0.960

0.332057
0.29091
0.24392
0.11680"
0.07777
0.0520tf
0.02640
0.01427
0.00955
0.00647
0 -extrapolated

0.24400
0.1165
0.0775
0.0505
0.024P
0.0114
0.0055
0-extrapolated

a Italic digits may not be significant. Note, not all steps are shown for
x < 0.948.

etc., at the outer edge of the boundary layer are very sensitive
to the values of /" at the wall. In some cases a change of
one in the seventh decimal in fw" can cause a change in the
second decimal place of/' near the outer edge of the boundary
layer. The sensitivity can be related to the magnitude of
x/Ax and can be explained partially by the asymptotic
nature of the boundary layer at large rj.l

In all the examples studied it was found that values of /„,"
could be calculated accurately to at least five decimal places,
providing the quantity x/ Ax was less than 25. This is not
a serious restriction, since it permits the boundary layer to
be determined at about 25 equal-length stations in x. Since
the boundary-layer thickness grows parabolically with x, the
step length in x can usually grow parabolically with no loss
in accuracy, and thus the restriction is even less serious.
Also the restriction can be lessened by using "double-pre-
cision" routines in the computer program. In the region of
convergence, it was found that the error in fw" is about
quadratic in Axs that is,

Af.' = l/.'-/:.J~(A*)»
This could have been expected, since the error.in replacing
the x derivatives by the three-point finite-difference form
results in a quadratic error. The same variation of the
solution with Ax was found for the flows with discontinuities
in the boundary conditions. Examples of discontinuities
are given in following sections.

Behavior of Solution near Separation

The behavior of the method of solution near a separation
point was studied for the velocity field given by

U = 1 - iz

This flow has been studied by Howarth,17 von Karman and
Millikan,18 Hartree,6 Leigh,19 and many others. Both
Hartree and Leigh used a method similar to that presented
here. Leigh extended the work of Hartree by using an elec-
tronic computer to make a more thorough study of the solu-
tion in the region of separation. As a test case, the flow
thus has the advantages both of having been studied ex-
tensively and of leading to separation.

The values of fw" calculated by the present method are
compared with those of Hartree in Table 1. The step sizes
in x were chosen to give convergence of fw" to at least three
decimal places at the last station calculated. The solution
is believed to be more accurate at the forward station, as
indicated in Table 1. Hartree presents his values as accurate
to four decimal places, but this is questionable. He carried
only four decimal places throughout his calculation. In the
present investigation it has been found that small errors at
the upstream stations can be greatly magnified in downstream
stations. For example, an error of one in the sixth decimal
place of /„," at the initial station can produce a difference of

about one in the second decimal place near separation, i.e.,
at x = 0.958. The same growth in error with x would cause
erroneous results in Leigh's calculation of the same problem.
For further details of this error growth, see Ref. 2.

The exact separation point, that is, the point where fw" = 0,
cannot be calculated for the linearly retarded flow, because
the boundary layer becomes singular there. This singularity
has been discussed by Prandtl20 and Goldstein.21 Further-
more, Prandtl points out that the pressure distribution around
the separation point cannot be taken arbitrarily but must
satisfy certain conditions connected with the existence of
backflow downstream of separation. That is, in a physical
flow the external pressure gradient is always such that there
is no singularity in the flow. Prandtl states that a necessary
condition for separation without a singularity is d2U/dx2 > 0.
Obviously the flow in question violates this condition. In
the region of separation the solution becomes very sensitive
to the value of fw", which makes it difficult to find the exact
value that satisfies the outer boundary conditions. Be-
havior of the solution here is very similar to that which
occurs when x/A.x becomes large. This same sensitivity
was found by Hartree and Leigh in their solution of the same
problem.

Even though the separation point cannot be calculated, the
point may be approached by taking small steps in x. But
in the present method there is a limitation on the smallest
step that can be taken, because of the divergence that occurs
when x/ Ax is greater than about 25. The step sizes that
were used in the calculation near separation are indicated in
Table 1. The separation point obtained by extrapolation is
x = 0.960. Hartree's value, also found by extrapolation, is
x = 0.9589. Because of the limitation on the smallest step
size that the method of calculation can handle accurately,
the separation point was approached in a second way.
Since application of suction at the wall is known to delay
separation, the retarded flow was studied by applying various
amounts of suction in the region of separation. The in-
vestigation showed that as the amount of suction, •/„,, ap-
proached zero the separation point approached the location
just given, # = 0.960.

In all the flows leading to separation which have been in-
vestigated by the present method, the behavior of the calcu-
lation near separation was similar to that just mentioned.
Though the exact separation point could not be calculated,
the point could always be determined by extrapolation within
a half percent of x. In some of the flows d^U/dx2 > 0, and
therefore, there would not necessarily be a singularity at
separation according to the forementioned criterion. But
even for these flows, the solution near separation behaved
like that found for Howarth's retarded flow.

Comparison of Calculated Profiles with
Experiment

One of the most accurate and complete sets of experi-
mental data on incompressible laminar boundary-layer pro-
files on a body other than the flat plate is that measured by
Schubauer on an elliptic cylinder. The boundary layer on
this body was calculated by the present method with the
pressure distribution observed by Schubauer. The numeri-
cal values of pressures which were used were obtained from
Hartree,7 who also calculated the boundary layer for this
flow. Comparison of the calculated profiles with the meas-
ured ones are shown in Fig. 4a at four stations. Agreement
is within the experimental accuracy of the measurements.
Figure 4b shows the values of /«" calculated both by the
present method and by Hartree. Up to x = 1.4, the values
agree within three decimal places. Aft of this point, the
values of Hartree fall below those of the present method.
Hartree carried four decimal places in his calculation. In
the present method the values of fw" were required to con-
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verge within six decimal places at each station. In the
figures, all calculated values of fw" are shown, and therefore
they indicate the step length used.

Neither of the calculations gives separation of the boundary
layer, although Schubauer observed separation at x = 1.99 ±
0.02. Hartree shows that a slight modification in the ob-
served pressure distribution would produce separation in
the observed region; the same is true of the present method.
The modification is probably within the experimental ac-
curacy of the pressure distribution observed by Schubauer.
It is also possible that, because the boundary layer was so
thick hi the region of separation, the pressure change across
the boundary layer is not negligible as was assumed in the
development of Prandtl's boundary-layer equations.

Because the flow is typical of ones for which the method
would be used in engineering practice, calculating times are
presented. About 2.5 min of IBM 7094 machine time are
required for the run. Machine time averages out to be
about 0.08 min per station.

Calculation of Boundary Layer on Bodies
of Revolution

For axially symmetric bodies the term R = (x/r)(dr/dx)
appears in the momentum equation, but it adds no complica-
tion to the method of solution. As an example, the boundary
layer over a sphere has been calculated. The velocity given
by potential flow is used, x, as usual, being distance measured
along the surf ace:

U/UU = f sin0
where RI is the radius of the sphere. Calculated values of
fj' are given in Table 2 by the "axially symmetric" column.

The boundary layer over an axially symmetric body can
be calculated by means of just the two-dimensional boundary-
layer equations by use of Mangler's transformation. As a

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

a) Comparison of calculated and measured velocity profiles

.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2

b) Comparison of values of fw" calculated by the present
method with those of Hartree

Fig. 4 Boundary layer on the elliptic cylinder studied
experimentally by Schubauer.

Table 2 Comparison of values offw" on a sphere as calcu-
lated by the axially symmetric equation and by Mangler's

transformed equation

•f "Jw

6°

0
30.0
60.0
90.0

100.0
105.7
105.9

Axially
symmetric

1.31189
1.25888
1.08011
0.6562
0.3580

0

Transformed

1.31188
1.25886
1.07970
0.6422
0.3349
0

check on the accuracy of the present method and its com-
puter program, the flow over the sphere was calculated a
second time by using this transformation. The two calcu-
lations are compared in Table 2. Values agree to three
decimal places or better forward of 60° and then diverge
slightly. Separation, corresponding to fw" = 0, is found by
extrapolation to be 105.7° and 105.9°, respectively, for the
transformed flow and the true three-dimensional flow.

The sphere flow has also been calculated by a series method
of calculation and is presented on pp. 187-190 of Ref. 3.
There separation is found to be at 109.6°. The series method
and its inherent errors are discussed in the following section.

Comparison of Present Method with Series
Methods of Calculation

In 1935 Howarth developed a general solution for the
velocity profile of the boundary layer subject to a mainstream
velocity, expressible as a power series in terms of the dis-
tance from the stagnation point. He calculated and pub-
lished the universal functions required for solution for an odd
power series up to the #7 term. TifTord expanded the series
to include the x11 term.22

The boundary layer over a circular cylinder was calculated
by the series and the present method. The velocity dis-
tribution used was that observed by Hiemenz, who found
that the distribution could be accurately represented by
three terms in an odd power series (p. 150, Ref. 4),

u = A0 - Be* - ce5

where A = 3.1657 X 10~2, B = 1.4383 X 10~6, C = 7.6247
X 10~u, and 6 is measured in degrees. Values of fw" are

shown in Fig. 5. The step sizes in both 97 and x were selected
so as to give/,/ accurate to four decimal places in the present
method of calculation. Forward of 50°, the values agree
with Tifford's values to four decimal places, but near separa-
tion they do not even agree in the first decimal place. It can
be shown that near separation the Tifford series is divergent,,
and probably truncation error causes the disagreement.
Separation is indicated at 80.0° by the present method and
at 83.0° by the series method. Experiments that have been
carried out at sufficiently low Reynolds numbers to insure
that the flow in the boundary layer up to separation is steady
and not turbulent show separation at about 80°. At slightly
higher Reynolds numbers the flow near separation becomes
unsteady but supposedly remains laminar, and separation is
observed at 82° or 83°.

Comparison of Present Method with Exact
Solution for Nonsimilar Flow with Suction

If uniform suction is applied to a flat plate at zero incidence,
the resulting profile asymptotically approaches a profile of
constant thickness. The profile, known as the "asymptotic
suction profile," is given by a simple exponential.23 This
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flow was calculated by the present method, and the results
agreed with the exact solution of Iglish23 within the accuracy
with which he presented his data, three decimal places.2

D 20 40 6
STATION

0 8O\
e- DEGREES!

!i

1C)0 12

Fig. 5 Comparison between values of /w" on a circular
cylinder as calculated by the present method and by the
Tifford series method. Velocity distribution observed

experimentally by Hiemenz.
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Besides the asymptotic suction flow, another accurate
solution for nonsimilar flows is the work of Rheinboldt,24

who calculated the boundary layer over a flat plate with dis-
continuous suction. Constant suction velocity is applied
aft of a point x = XQ. Forward of XQ the surface is imperme-
able. One of Rheinboldt's solutions is compared with that
of the present method in Fig. 6.

Rheinboldt also calculated the boundary layer for a flow
with impulse suction, that is, suction applied only over a
short distance Ax. The flow is described by U = U& =
const, vw = 0 at x < 1.0 and x > 1.15, vw = const, and non-
zero at 1.0 ^ x ^ 1.15. The variations of/„" with distance
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a) Variation of/w" with distance

b) Velocity profiles at an infinitesimal distance upstream of
the start of suction and at an infinitesimal distance up-

stream of the end of suction

Fig. 7 Comparison of the present method with that of
Rheinboldt for impulse suction on a flat plate. vw = 0 for
x ^ 1.0 and x ^ 1.15; /„ = -(vw/U)(Ux/i>y/2[(x - *0)/*]for

1.0 ^ x ^ 1.15, *0 = 1.0.
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b) Velocity profile in region of suction

Fig. 6 Comparison of the present method with that
of Rheinboldt for a discontinuity in suction on a flat
plate. fv = 0, x ^ •«,; fw = ~(Vw/Um)

and velocity profiles at the start and at the aft end of the suc-
tion region are shown in Fig. 7. Just aft of the suction re-
gion, the values of fw" calculated by the present method differ
in the second decimal place from those of Rheinboldt. It is
believed that the former are in error. The error is introduced
by the very short steps in x, which are necessary at the dis-
continuity in order to get the solution to converge farther
downstream. The velocity profile calculated at the aft end
of the suction region agrees with the results of Rheinboldt
within the accuracy with which his curves could be read.

Effect of Previous History of the Boundary Layer
on Separation

The effect of previous history of the boundary layer on
separation has been studied by the present method. Five
flows, shown in Fig. 8, were selected so as to give greatly
different initial profiles. These initial flows are similar,
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Fig. 8 Flows used to study effect of history of the bound-
ary layer on its separation. Flows similar, forward of #o5
XQ such that the momentum thickness at that point is the

same for all flows.
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Fig. 9 Variation of fw" with distance, showing effect of
initial flow on separation for two retarded flows: a) U = 1

- }<* -*o); b) U = l - M* -*o).

M = 1.0, 0.25, 0.0526, 0.0, and -0.0476. These particular
values were chosen because accurate solutions for them are
available.16 They correspond to Hartree's ft of 1.0, 0.4,
0.1, 0.0, and —0.1, respectively. They also cover the range
of M's encountered in most physical flows. The length of
initial flow XQ is chosen so that each of the flows develops the
same momentum thickness B at XQ. That is, 0*U/v = 0.2,
and the unit Reynolds number U/v is the same. The ve-
locity distribution aft of XQ is identical for each of the flows
and has the form

for x ^ XQ
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Fig. 10 Response of the shear parameter to local boundary
conditions for the following types of flows: M — const =

Mo for x ^ 1.0; M = const = M«> for * > 1.0.

The resulting variation of /„" with (x — XQ) is shown in Fig. 9
for two values of m. Separation points for the various flows
are indicated in the figure. For the flows shown in either
Figs. 9a or 9b, the approximate methods for calculating
laminar boundary layers that are one-parameter methods
would predict the same separation point, irrespective of the
different-shape profiles upstream. For example, Thwaites'
method3 predicts separation at x = 0.276 for all the flows
shown in Fig. 9a; and x = 0.856 for those in Fig. 9b.
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Table 3 Comparison of piecewise method with Hartree's and the present methods of solution, Schubauer's ellipse

x/c
0.2
0.6
1.0
1.2
1.4
1.6
1.8
1.85
1.95

Hartree

0.8691°
0.5666
0.4556
0.4181
0.3789
0.2985
0.1862
0 . 1539
0.1107

fw"
Present
method

0.86816°
0.56639
0.45572
0.41868
0.38086
0.30123
0.18945
0.15742
0.11991

Piecewise

0.8547
0.5697
0.4447
0.4104
0.3587
0.2578
0.0695
0

Separation

Hartree

0.157
0.331
0.468
0.531
0.592
0.664
0.748
0.775
0.825

(0/c)(R)cl/z

Present
method

0.1596
0.3312
0.4665
0.5295
0.5895
0.6594
0.7395
0.7660
0.7943

Piecewise

0.168
0.332
0.470
0.532
0.595
0.658
0.738
0.758

a Last digit presented in results of both Hartree's and the present method may not be significant.

a)

b)

Fig. 11 Response of velocity profile to local boundary
conditions for two flows described in Fig. 10: a) M0 = 1.0,

Moo = 0; b) Mo = 0.0, Moo = 0.25.

Adjustment of Boundary Layer to Local
Boundary Conditions

The study on the effect of previous history on separation is
closely connected to the question of how rapidly the boundary
layer adjusts to local changes in boundary conditions. The
answer to this question is of great importance in application
of local-similarity methods that give approximate solutions
to the boundary-layer equations. In local-similarity meth-
ods, solutions are obtained by a step-by-step procedure, in
which each x-wise segment of the flow is approximated by
one of the family of similar flows. The method assumes that
the local boundary-layer shape and shear parameter are
functions of the local flow only. For the method to be ac-
curate, the boundary layer must adjust to the local boundary
conditions very rapidly.

This adjustment has been studied by using the present
method to observe the boundary-layer solution downstream
of a change in pressure gradient. Flows studied begin with
one of the similar profiles; then at some point downstream,
x = 1.0, the velocity gradient abruptly changes. ,But there
are no discontinuities in external velocity or other boundary
conditions. These are the same assumptions used in the
local similarity methods. Variation of the shear parameter
fw" with distance downstream of the pressure change is pre-
sented in Fig. 10. Asymptotic values of fw" are also shown.

The shear at first approaches the asymptotic value very
rapidly, then slows, and gradually converges to the value.
The variation is similar for all flows studied. Also the vari-
ation of the momentum thickness and shape parameter with
distance is similar. Details of the adjustment of the profile
to the local pressure change can be seen in Fig. 11, which
shows velocity profiles at various downstream distances for
two of the flows studied. Asymptotic profiles are also shown.
The profiles adjust most rapidly near the wall and slowly
approach the limiting values at the outer edge of the boundary
layer. In conclusion, the study shows surprisingly slow ad-
justment of the boundary layer to local conditions.

Even though the response of the boundary layer to local
boundary conditions is slow, local-similarity (sometimes
called piecewise) methods may give adequate accuracy for
engineering purposes for particular flows. As an example,
the flow about Schubauer's ellipse which is discussed in the
foregoing and presented in Fig. 4 was calculated by the piece-
wise method of Ref. 25. Results are compared with Hartree's
solution and the present method in Table 3. Eighteen steps
were used in the piecewise solution. It would appear that the
piecewise method is quite adequate for many engineering uses,
particularly in favorable pressure gradients. It is known to
be in error near separation.25
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Effects of Exhaust Nozzle Recombination on Hypersonic
Ramjet Performance: I. Experimental Measurements

ERWIN A. LEZBERG* AND LEO C. FRANCiscusf
NASA Lewis Research C'enter, Cleveland, Ohio

Experimental temperature measurements have been made, in supersonic nozzles with cone
exit half-angles of 10.5° and 7°, for hydrogen-air and methane-air combustion products at
stagnation temperatures up to 5400°R and pressures up to 4.5 atm. The results indicate
freezing in the vicinity of the nozzle throat. Comparisons of the data with an approximate
freezing-point analysis and an exact calculation showed good agreement with both. Pre-
liminary spectral absorption measurements for the OH 2S+ -2II electronic transition were
made by using the curve of growth to determine concentration and to demonstrate feasi-
bility of spectroscopic concentration measurements.

A
A *
AK
a

bc

c
F
f

h
J
k
I
N
Po>

Nomenclature

cross-sectional area of nozzle
critical flow area
line strength
ratio of collision broadening to Doppler broadening,

collision half-width, cm"1

Doppler half-width of spectral line, cm"1

natural half-width of spectral line, cm"1

speed of light, cm/sec
f(2J + I)/AK
ratio of number of dispersion electrons to number of

absorbers
Planck constant
rotational quantum number
Boltzman constant
length, cm
concentration, cm"3

absorption coefficient per molecule, cm"2

Presented at the AIAA-ASME Hypersonic Ramjet Conference,
White Oak, Md., April 23-25,1963.

* Aeronautical Research Scientist,
t Aerospace Engineer, Mission Analysis Branch.

p = static pressure
Qr,Qv = partition functions for rotation and vibration
R = radial distance
T = static temperature
W = equivalent width, cm"1

X = optical depth Nl, cm"2

5* = displacement thickness
(p = equivalence ratio
co = wave number, cm"1

Subscripts
A
eq
OH
K
u
0

air
equilibrium
hydroxyl radical
rotational level
upper electronic state
stagnation state

Introduction

PERFORMANCE of hypersonic ramjets using both sub-
sonic and supersonic combustion can be dependent

throughout parts of the flight corridor on kinetic rate proc-
esses in the exhaust nozzle.


